In this paper we use theory of embedded graphs on oriented and compact P Lsurfaces to construct minimal realizations of signed Gauss paragraphs. We prove that the genus of the ambient surface of these minimal realizations can be seen as a function of the maximum number of Carter's circles. For the case of signed Gauss words, we use a generating set of H 1 (S w , Z), given in [3] , and the intersection pairing of immersed P Lnormal curves to present a short solution of the signed Gauss word problem. Moreover, we define the join operation on signed Gauss paragraphs to produce signed Gauss words such that both can be realized on the same minimal genus P L-surface.
Introduction
The Gauss word problem was proposed by K. F. Gauss in the beginning of the XIX century when he was studying certain class of words w with the property that each letter of w appeared exactly twice. He noted that if we label the crossings points of an oriented normal curve γ on the plane, then the word formed with the letters that we met when following γ has the same characteristics as Gauss words . In 1991, J. S. Carter [2] introduced the concept of signed Gauss paragraphs to classify the stable geotopy class of immersed curves on orientable and compact surfaces. The construction of these signed paragraphs is similar to the one of Gauss words, but Carter considered, not only the number of components of the normal curve, but also the way in which the curve meets itself.
The work of Carter left a topological solution of the planarity problem for signed Gauss paragraphs. He gave an algorithm to find, from a signed Gauss paragraph w, an oriented normal curve γ w embedded in an minimum genus orientable surface M w , such that w is the signed Gauss paragraph of γ w . In this case we say that (M w , γ w ) is a minimal realization of w. In 1993, G. Cairns and D. Elton, see [3] , continued the work of Carter and they presented a combinatorial solution of a particular case, known as the signed Gauss word problem. Here, signed Gauss words mean signed Gauss paragraphs with one component.
In order to solve the signed Gauss word problem, G. Cairns and D. Elton constructed a generating set {Γ, γ 1 , ..., γ n } for H 1 (M w , Z), and they proved that all these curves are nullhomologue if and only if, for each of them, there exist a Alexander numbering. Their proof is very elegant, but it is so cumbersome. Here, we use intersection homology of curves on orientable surfaces, instead of Alexander numbering, to determine when these curves are null-homologue, because we think that this way is more direct. The intersection homology, ϕ, λ , of two homology classes ϕ and λ on an orientable and compact surface Σ, is a very well known invariant of H 1 (Σ, Z). This number ϕ, λ has been defined as the number of intersections of any two representative transverse curves of ϕ and λ, naturally, depending on the way in which one of them intersects the other one. One of the most important property of this number is: Theorem 1. If ϕ ∈ H 1 (Σ, Z) and the homology intersection between ϕ and any λ in H 1 (Σ, Z) is equal to zero, then ϕ is null-homologue. Moreover, if moreover Σ is connected and closed, and {γ 1 , ..., γ m } is a generating set of H 1 (Σ, Z), then Σ = S 2 if and only if γ i , γ j = 0, for every i, j.
Motivated by the previous theorem we give a brief study of homology intersection of oriented P L-normal curves immersed in orientable and compact P L-surfaces. After that, for a signed Gauss paragraph w we define a 4-valency graph γ w , with extra information on its vertices, and we use theory of embedded graphs to get a realization (Σ, γ w ) of w.
Let Ω (k)
w denote the union of triangles of the k th -barycentric subdivision of Σ that meet
is an infinite collection of realization of w, such that the number of components of the boundary of any of these P L-surfaces, Ω (k) w , is equal to the number of Carter's circles of w as defined in [2] . Therefore, by gluing discs to the boundary of any Ω (k) w we get a minimal realization (S w , γ
If we have a generating set of H 1 (S w , Z), from the Theorem 1, we would obtain a solution of the signed Gauss paragraph problem, but we only have a generating set of H 1 (S w , Z) for the case when w is a signed Gauss words, see [3] . From that, we define the join operation for signed Gauss paragraphs w to produce signed Gauss words w with the property that
This paper is organized as follows. In Section 2 we review the definitions of graph realizations and orientable and compact P L-surfaces. Section 3 gives the definition of oriented P L-normal curves and signed Gauss paragraphs. We describe a method different from the Carter's to construct a minimal realization (S w , γ w ) for a given signed Gauss paragraph w and we study the processes of G. Cairns and D. Elton [3] to find a particular generating set of H 1 (S w , γ w ). We also define the join function on the set of signed Gauss paragraphs, and using this map we connect the solutions of the signed Gauss paragraphs and the signed Gauss words problems. In Section 4 we study properties of the homology intersection of oriented P L-normal curves on P L-surfaces. Section 5 solves the signed Gauss word problem by using homology intersection theory. Moreover, we show that the solution presented by G. Cairns and D. Elton can be approximated by using this method.
Preliminary and notation
In this section we give a brief introduction of graph theory and a review of orientable P Lsurfaces. For more details see [12] and [5] .
Graphs
A graph G is an ordered pair (V (G), E(G)), where V (G) is a finite non-empty set of vertices and E(G) is a set of pairs uv of distinct elements u, v in V (G), called edges. If x = uv ∈ E(G)
we say that v and v are adjacent or neighbors vertices, and that vertex u or v and the edge x are incident with each other. The valency, d(v, G), of a vertex v is the number of edges of
Now, we will consider "graphs" with "edges" of the form vv, called loops and multiple edges, that are edges that appear more than once in E(G).
A graph H is said to be a sub-graph of a graph
Let S ⊂ V (G), the induced sub-graph S is the maximal sub-graph H of G with V (H) = S. A digraph is a graph with oriented edges. In this case we use the notation [u, w] to denote the edge uw oriented from u to w. Since, all the definitions and results given in this paper are true for both, graphs and digraphs, we will use the word digraph to refer, undistinguished, graphs and digraphs.
Definition 2. Two digraphs G = (V G , E G ) and H = (V H , E H ) are said to be isomorphic if there exists an one-to-one and onto function ν :
They are said to be homeomorphic if they have isomorphic barycentric subdivisions.
Let G be a digraph and let v a vertex of G. The star of G at v, denoted ost(v, G), is the sub-digraph of G whose vertices are v and all its neighbors and its edges are those incident to v. The closed star of G at v, denoted by st(v, G), is the sub-digraph of G induced by v and all its neighbors. A star-digraph is a digraph that is isomorphic to ost(v, G), where G is a digraph and v is a vertex of G.
is a set of oriented simple curves on S 2 , endowed with two one-to-one and onto functions f :
If every
→ e i and → e j are disjoint or only intersect at their ends points, we say that R(G)
is a planar realization of G.
If a digraph G has a non planar realization R(G), we assume, without lost of generality, that for every The virtual realization of a star-digraph is called spider-digraph.
Definition 4. Let S be the set of all spider-digraphs, G a digraph and R(G) a virtual realiza-
where= means equal up to isotopic transformations of S 2 and f induces an isomorphism
Now, we will consider the following definition.
, where R(G) is a virtual realization of G and f is a map form on R(G). , then they have to be virtual crossings. This process was called by L. Kauffman [9] as detour moves.
Note that detour moves neither change the set of vertices nor the map form of any virtual
Definition 6. Two virtual diagrams are isomorphic if and only if they can be changed into the other by using a finite sequence of detour moves. The closed star of Σ at v, denoted by st(v, Σ), is the union of the triangles δ of Σ having v as a vertex.
P L-surfaces

Definition 7.
A P L-surface with holes is a 2-polyhedron such that the closed star of every vertex v of Σ is homeomorphic either to the closed 2-disk with v at the center or to the closed 2-disk with v on the boundary. These last type of vertices are called boundary vertices.
If Σ does not have boundary vertices, then Σ is called closed P L-surface.
Definition 8. We say that a surface is orientable if we can choose an orientation of its edges and faces such that if an edge belongs to two adjacent faces then these faces travel the edge in opposite ways.
In order to simplify the notation we will use the word surface to refer both orientable P L-surface with holes or closed.
An oriented path on a surface Σ from the vertex v to the vertex w is a path p(v, w) in The proof of the following theorem is well know, so we will omit it.
Theorem 2. Let Σ be a surface and L Σ be the set of boundary vertices of Σ.
then the boundary, ∂ Σ , of Σ is conformed by a finite collection of P L-circles.
For an orientable surface Σ we define the interior of Σ, denoted int(Σ), as int(Σ) = Σ−∂ Σ .
Definition 9.
[12] Let Γ be a finite digraph, with V (Γ) = {v 1 , ..., v p } and E(Γ) = {x 1 , ..., x q }.
Let Σ be a connected surface. An embedding of Γ in Σ is a subspace, Γ(Σ), of Σ,
for which there exist injective and onto functions f : V (Γ) → {v 1 (Σ), ..., v p (Σ)} and g :
.., p; j = 1, 2, ..., q and (4) if v i 1 and v i 2 are the end points of x i , then v i 1 (Σ) and v i 2 (Σ) are the end points of
The subspace Γ(Σ) is called a realization of Γ on Σ.
For a virtual diagram (R(G), f :
and a surface Σ, we define a surface realization of R(G) on Σ as a subspace
of Σ that satisfy the conditions of the Definition 9, endowed with a map form
The proof of the following theorem can be found in [12] and [9] .
Theorem 3. Every virtual diagram has a surface realization.
The genus, g(Γ), of a digraph is the minimum genus among all the closed and connected surfaces on which Γ can be embedded. The virtual genus,
is the minimum genus among all the surfaces on with it can be realizable.
The first barycentric subdivision of triangle is the change of this by six new triangles obtained by the construction of the three medians of δ. The first barycentric subdivision of a surface Σ is the result of the first barycentric subdivision of all the faces of Σ, it is denoted by Σ (1) . By a recurrence process we define the k th -barycentric subdivision of Σ, denoted Σ (k) , as the first barycentric subdivision of Σ (k−1) .
Definition 10. Let Σ and Σ be two surfaces. A continuous function f : Σ → Σ is called a simplicity function if f sends each face of Σ onto a face of Σ. We say that Σ is embedded in Σ, if there exist barycentric subdivisions, Σ (k) and Σ (n) , of Σ and Σ, respectively, and a simplicity and injective function g :
also simplicity, we say that Σ and Σ are homeomorphic.
Let Σ and Σ be two surfaces. We said that an embedding f : Σ (k) → Σ (n) preserves the orientation if f preserves the orientation of edges and triangles.
Signed Gauss paragraphs
In this section we give a short introduction to the study of oriented normal curves on surfaces and signed Gauss paragraphs. We present an algorithm to construct an infinite collection of realizations for a given signed Gauss paragraph.
P L-normal curves
To start this section we give the following definition. We classify the elements of V γ as crossings points if they belong to C γ or ordinary points if they belong to O γ and we say that γ travels the crossing point a i positively (negatively) if this is traveled from the vertex v i k (from v i j ).
Definition 12. An oriented P L-normal curve of k components on a surface Σ is a collection
finite and for every c ∈ γ i ∩ γ j , c is of the form described in Figure 1 .
If there are crossings points a i and a j in C β such that ρ β (a i , a j ) = 2, then ρ β (2) (a i , a j ) = 4, see Figure 1 . Therefore we may assume without loss of generality that ρ β (a i , a j ) > 2, for
We will denote the set of all (Σ, γ), where γ is an oriented P L-normal curve on a connected surface Σ, by D.
Then, for every k ∈ Z, the k th barycentric subdivision of Σ induces a subdivision of γ, denoted by γ (k) , and so (
Definition 13. Let (Σ, γ) and ( Σ, λ) in D,
(1) we say that (Σ, γ) is geotopic to ( Σ, λ), denoted (Σ, γ) ≈ ( Σ, λ), if there exists a surface Z and orientation preserving injective simplicity functions f :
(2) We say that (Σ, γ) is stably grotopic to ( Σ, λ) if there exist a finite collection
The geotopic relation is not a equivalence relation whereas stably geotopic is, see [3] .
Signed Gauss paragraphs
A signed paragraph is a finite collection of words {w 1 , ..., w n } in some alphabet of the form S = {a 1 , ..., a n , a Constructing signed Gauss paragraphs: Let (Σ, γ) ∈ D be an oriented P L-normal curve of n components, γ 1 , ..., γ n , and k crossings labeled with the letters a 1 ,...,a k . We choose a component, γ j , of γ and an ordinary point x j on γ j . Now, we follow the curve γ j writing down the list of crossing labels, denoted by w γ j , with the convention that we add a i (or a If n ≥ 2, the collection w γ = {w γ 1 , .., w γn } is called a signed Gauss paragraph of γ, but if n = 1, then w γ is called a signed Gauss word.
With the notation above w γ = w γ (k) for every barycentric subdivision, (Σ (k) , γ (k) ), of (Σ, γ). The proof of the following lemma can be found in [2] and [3] . We assume without loss of generality that signed Gauss paragraphs are of the from w = {w 1 , ..., w n }, with w i = a
, and every w i and w j are not disjoints.
The following definition was taken from [2] .
Definition 16 (Carter circles). A Carter circle, c(w), of w is a subset of
, a Let w be a signed Gauss paragraph and Γ w be the digraph such that V (Γ w ) = {a 1 , ..., a n }
, a ] denotes the edge a s a l oriented from a s to a l if and only if a it = a s and a i t+1 = a l .
Since, for every a i ∈ V (Γ w ) there are edges of the form [c, a , then K w has m components K w i , i = 1, 2, ..., m and we write
, a
From Theorem 3, there exist a surface Σ and a realization D w of K w on Σ, such that 
Therefore, if we take a non endpoint z i in the path [a
, a e i 1 i 1 ](Σ), then when we travel D w i from z i we obtain the signed word w i and so (Σ, D w ) is a realization of w.
The proof of the following proposition is not the main goal of this paper so we will omit it. Proof. We will prove (2) . From (1) and the fact that for every k δ
Σ is a closed walk in |γ w |. Σ in such way that lk(a t , Σ (k) ) has the clockwise orientation. Figure 3 also describes the orientation of lk(a t , Σ (2) ).
Let +δ Σ be the closed walk δ Σ with the orientation inherit from the set {δ 
.., n, so +δ Σ can be described as a word, E(+δ Σ ), in the alphabet E(w) with the label of the paths of γ w that it meets on the way following the rule that in each crossing , a t ](Σ) has to occur in E(+δ Σ ), if we continue this argument, and considering the remaining three cases, we prove that E(+δ Σ ) correspond to a Carter's circle.
have the same cardinal, so let δ . Therefore, w is geometric if and only if
A minimal realization of a signed Gauss paragraph w is an element (Σ, γ) of D, where Σ has the minimum genus among all the realizations of w.
A direct consequence of the previous corollary is that for every (Σ, γ w ) realizations of w,
, γ w ) is the minimal realization of w up to homomorphisms.
Primitive curves
Let w be a signed Gauss word, (Σ, γ w ) a realization of w and a t a crossing point of γ w . For every k ≥ 2, we define the oriented P L-normal curve of two components (Σ (k) , γ The construction described in Figure 4 is called splitting the crossing a t . We use γ The proof of the following theorem can be found in [3] .
Theorem 5. Let w be a signed Gauss word and let (S w , γ w ) be a minimal realization of w.
Let ϕ w , ϕ a 1 ,. ..,ϕ an be the homology classes represented by γ w , γ by {ϕ w , ϕ a 1 , . .., ϕ an }.
Let w be a signed Gauss word with realization given by (Σ, γ w ). Without loss of generality we may assume that w = a t w t a −1 t w t , where w t and w t are sub-sequences of w. Then { w t , w t } is a signed Gauss paragraph of any γ (k) w a t , k ≥ 2. Now, let w = {w 1 , w 2 } be a signed Gauss paragraph and let (S w , γ w = λ ∪ σ) its minimal realization. Take a common crossing a 1 , of λ and σ and consider ordinary vertices a n+1 ∈ λ, a n+1 ∈ σ in st(a 1 , Σ (2) ). We can write w as {a 1 w 1 , a −1 1 w 2 } and so, we define the join of λ and σ, with respect to D a 1 = st(a 1 , Σ (2) ), as the oriented P L-normal curve (S w , γ w = λ∨σ), which is a realization of w = a 1 w 1 a n+1 a 
Intersection number of P L-oriented normal curves
A very useful characteristic of the relative position of two curves on an orientable surface is their intersection number. This number has been defined in [5] and [6] . In this section we recall such definition and we prove some of its most relevant properties.
Let γ 1 and γ 2 be two P L-normal curves on a surface Σ, we say that they are transverse
is an oriented normal curve of two components of Σ.
Definition 17. Let γ 1 and γ 2 be two oriented P L-normal curves on a surface Σ, with γ 1 ⊥γ 2 .
For every c ∈ γ 1 ∩ γ 2 , let
∈ {1, −1} be defined as follows: From the previous definition,
, for every c ∈ γ 1 ∩ γ 2 .
Definition 18 (Intersection pairing). Let γ 1 and γ 2 to be two normal curves on a surface Σ that intersect transversally with γ 1 ∩ γ 2 = {c 1 , ..., c t }.
We define the intersection pairing from γ 1 to γ 2 , denoted by γ 1 , γ 2 , as the sum
The following theorem summarizes some relevant properties of the intersection pairing.
Its proof is a direct consequence of what we did before, so we will omit it.
Theorem 7. Let ϕ 1 , ϕ 2 and ϕ 3 be oriented normal curves on a surface Σ. Suppose that they are transverses, then
3. for every n ∈ Z, nϕ 1 , ϕ 2 = n ϕ 1 , ϕ 2
A proof from the point of view of the differential topology of the next theorem can be found in [7] , but here we present a combinatorial one. Proof. Choose a crossing point a i of γ 1 and let's consider st(a i , Σ), st(a i , Σ(1)) and st(a i , Σ (2) ) be the closed stars of the vertex a i in Σ, Σ (1) and Σ (2) , respectively, see Figure 7 -a. Now, apply the modification, on γ 1 , showed in the Figure 7 -b. Now, if v j is an ordinary vertex of γ 1 , that is not a crossing, then we proceed as above, but we only modify the part of γ 1 inside of closed star st(v j ) of Σ as Figure 8 shows.
The resultant oriented P L-normal curve obtained by applying the above modifications on all the vertices of γ 1 is denoted by γ Definition 19 (Intersection number). Let ϕ 1 and ϕ 2 two homology classes in H 1 (Σ, Z) with representative transverses normal curves γ 1 and γ 2 , respectively. We define the intersection number between ϕ 1 and ϕ 2 , denoted ϕ 1 , ϕ 2 , as γ 1 , γ 2 .
The following theorem proves the well definition of the homology intersection. Theorem 9. If γ i and γ i , i = 1, 2, are curves on a surface Σ, such that γ i ⊥γ i , i = 1, 2, γ 1 is homologous to γ 2 and γ 1 is homologous to γ 2 . Then,
Proof. Let's take curves γ⊥γ i , i = 1, 2, on a surface Σ, with γ 1 homologous to γ 2 , and we will prove that γ, γ 1 = γ, γ 2 .
Since γ 1 and γ 2 are homologous curves, then there exists a 2-chain µ in Σ such that where δ i is a triangle, i = 1, 2, . .., k. Since, ∂(δ i ) is the border of a disc in Σ, then from the closed Jordan curve theorem, for every oriented normal curve λ transverses to ∂(δ i ) we have that λ, ∂(δ i ) = 0, so γ 1 , ∂(Σ i ) = 0 for every
A direct consequence of the previous theorem is the following corollary.
Corollary 2. Suppose that γ 1 and γ 2 are two oriented normal curves on a surface Σ that intersect transversely. If γ 2 is null-homologous, then γ 1 , γ 2 = 0.
Proof. Every oriented, connected and closed surface Σ of genus g can be represented as in Figure 9 , where the curves a i , b i , i = 1, 2, ..., g, generate the first homology group H 1 (Σ, Z).
Moreover, they satisfy: a i , a j = b i , b j = 0 and a i , b i = 1, for every i, j = 1, 2, ..., g. an in H 1 (S w , Z), respectively.
Theorem 11. With the notation above. H 1 (S w , Z) = (0) if and only if, for every i, j = 1, 2, ..., n, α a j (w) = ϕ w , ϕ a i = 0 and β a i a j (w) = ϕ a j , ϕ a i = 0.
Proof. Let γ, λ ∈ H 1 (Σ w , Z), since {ϕ w , ϕ a 1 , ..., ϕ an } spans H 1 (Σ w , Z), then there exist scalars u, u 1 , ..., u n , v, v 1 , ..., v n such that λ = uϕ w + u 1 ϕ a 1 + · · · + u n ϕ an , and ϕ = vϕ w + v 1 ϕ a 1 + · · · + u n ϕ a−n . So, γ, λ = v u i α a i (w) − u v i α a i (w) + v i u j β a i a j (w).
If we suppose that α a j (w) = 0 and β a i a j (w) = 0, for every i, j = 1, 2, ..., n, then γ, λ = 0, hence γ es null-homologous and so H 1 (Σ w , Z) = (0). Reciprocally, if H 1 (Σ w , Z) = (0), then α a j (w) = ϕ w , ϕ a j = 0 and β a i a j (w) = ϕ a i , ϕ a j = 0, for every i, j = 1, 2, ..., n.
The proof of the following theorem is straightforward from the definitions of the signed Gauss paragraphs and intersection pairing, so we will omit it.
Theorem 12. Let (Σ, γ = γ 1 ∪ γ 2 ) be an oriented P L-normal curve with signed Gauss paragraph w = {w 1 , w 2 }. Denote by S(w) the set of all a p such that a p occurs in w 1 and a −p occurs in w 2 , then γ 1 , γ 2 = a p ∈S(w) p.
A direct consequence of the previous theorem is the next corollary.
Corollary 3. The homology intersection is an invariant under homeomorphisms.
Let w = a i w a i a −1 i w a i be a signed Gauss word, and let S a i (w) be the set of all a p that occurs in w a i .
Corollary 4.
For every i = 1, 2, ..., n, α a i (w) = a p ∈Sa i (w) p.
Proof. We know thatw = {w a i , w a i } is a signed Gauss paragraph of (S w , γ 
